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A numerical study of a dilute turbulent gas-particle flow with inelastic collisions
and turbulence modulation in an Eulerian framework is described. A new interpreta-
tion is provided for the interaction/coupling terms, based on a fluctuating energy
transfer mechanism. This interpretation provides for a new robust closure model for
the interaction terms with the ability to predict the turbulence dampening as well as
the turbulence enhancement phenomenon. Further, the model developed herein is
investigated along with a variety of other published closure models used for the inter-
action/coupling terms, particle drag, and solid stress. The models are evaluated
against several sets of benchmark experiments for fully-developed, turbulent gas-solid
flow in a vertical pipe. VVC 2011 American Institute of Chemical Engineers AIChE J, 58: 1381–

1396, 2012
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Introduction

Turbulent gas-solid flows are encountered in a large num-
ber of industrial applications such as pneumatic transport of
powders, pulverized coal injection into entrained flow gasif-
iers, cyclones, and circulating fluidized beds. Modeling gas-
solid flows is essential for designing and optimizing the
processes involving such flows.

Louge et al.1 developed an Eulerain two-fluid model for
dilute turbulent gas-solid flow with particle–particle interac-
tions. They were the first to use a single k-equation model to
describe gas-phase turbulence. This model was further devel-
oped by Bolio et al.2 who employed a two-equation k-e
model to describe the gas-phase turbulence. Simonin3 and
Benavides and van Wachem4 have suggested models along

similar lines. All these models are able to describe the mean
velocity profiles of the gas and solid velocities well.

The granular temperature behavior for particles with low
particle Reynolds numbers (Rep � 10, Rep is based on parti-
cle diameter and slip velocity) is also captured fairly well by
these models, with some deviations from the experimental
data of Tsuji (Tsuji, personal communication) for 243 lm
polystyrene beads. According to these data, as the mass
loading (ratio of the solid mass flux to the fluid mass flux,
m) increases, the granular temperature decreases. Further-
more, for smaller mass loadings (m � 1) the granular tem-
perature is virtually independent of the radial position, while
for larger loadings (m � 3–5) the granular temperature
increases towards the wall. This behavior suggests that for
larger loadings (but still dilute-phase flow), particles tend to
concentrate at the center of the pipe. These trends are cor-
rectly predicted by the models. Unfortunately, granular tem-
perature data for large and intermediate Rep are not available
in the literature.
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In contrast, all of these models under predict the gas-phase
turbulence in the presence of the particles. In fact, these
models also predict that large particles (d[ 400 lm) exhibit
turbulence dampening, contrary to experimental observations
as summarized by Gore and Crowe.5 Hestroni6 also showed
that particles with small Rep (�10) exhibit turbulence damp-
ening, while particles with large Rep (�1000) cause turbu-
lence enhancement of the gas phase due to vortex shedding.
Particles with intermediate Rep (�100) show in-between
behavior, exhibiting turbulence enhancement at the core of
the pipe and turbulence dampening at the wall. This study
further advances the work of Bolio et al.2 and corrects for
the deficiencies in these other gas-solid flow models.

To generate reliable predictions for gas-solid flow in an
Eulerian framework, it is critically important to have accurate
closure models. In particular, the gas-particle turbulent inter-
actions, the effect of the presence of particles on gas-phase tur-
bulence and vice versa, must be appropriately described. For
state-of-the-art Eulerian, dilute gas-solid flow models with
particle-particle interactions, there are several important
forces/interactions requiring constitutive modeling. The flow
models vary from one another in the following key aspects:
(1) the fluctuating interaction/coupling terms in the gas-

phase turbulent kinetic energy and granular temperature
equations which includes the gas-solid fluctuating velocity
cross-correlation,
(2) the drag model, and
(3) the solid-phase stress model.
Although these closure models have evolved over time,

there is no Eulerain model for dilute, turbulent gas-solid
model flow with particle–particle interactions that is gener-
ally accepted.

Background

Fluctuating interaction terms

Louge et al.1 suggested an approximation for closing the
fluctuating interaction term. The fluctuating interaction term
they proposed was based on the gas turbulence, granular tem-
perature, and the gas-solid velocity cross-correlation. Time
and volume based averaging (TVBA) was used for developing
expressions for the fluctuating interactions. Louge et al.1

closed the gas-solid velocity cross-correlation modifying
Koch,7 in which it is assumed that a dilute gas-solid suspen-
sion at very small particle Reynolds number in the limit where
solid body collisions determine the particle velocity distribu-
tion function. TVBA and the modified Koch7 gas-solid veloc-
ity cross-correlation were also used by Bolio et al.2 and then
tested by Benavides and van Wachem.4 Along similar lines,
Igci et al.8 used a cross-correlation expression developed by
Koch and Sangani,9 but Igci et al.8 neglected gas-phase turbu-
lence in their analysis. More recently, Hadinoto and Curtis10

used TVBA for the interaction term and applied a closure
model for the gas-solid velocity cross-correlation developed
by Wylie et al.11 for particles with high inertia and moderate
fluid inertia. Both the Koch and Sangani9 and Wylie et al.11

closure models are extensions of the original Koch7 model,
wherein the most important assumption is that the inertia of
the fluid is negligible and the solid particle interactions occur
for particles in viscous fluids with small particle Reynolds

number. Bolio et al.,2 Benavides and van Wachem4 and Hadi-
noto and Curtis10 observed that the aforementioned closure
models could not predict the phenomenon of turbulence
enhancement and under predicted the gas-phase turbulence in
the presence of particles.

A closure model for the gas-solid velocity cross-correla-
tion based on time scales was developed by Simonin3 which
is discussed later (in the Mathematical Model section). He
too used TVBA to develop closure models to describe these
fluctuating interaction terms. The NETL-MFIX code (Multi-
phase Flows with Interphase Exchanges) employs Simonin3

closure model to simulate dilute, turbulent gas-solid phase
flow. Benavides and van Wachem4 have also tested the
Simonin3 closure. Predictions from the MFIX code as well
as the work of Benavides and van Wachem4 showed that the
Simonin3 model cannot predict the phenomenon of turbu-
lence enhancement and under predicts the gas-phase turbu-
lence in presence of particles.

Benavides and van Wachem4 and Hadinoto and Curtis10

also test a simple closure model for the gas-solid velocity
cross-correlation developed by Sinclair and Mallo.12 This
model assumes the fluid—solid fluctuation velocity cross-
correlation to be a geometric mean of the gas-phase turbu-
lence and the granular temperature.

Finally, Crowe13 developed a different form for the fluctu-
ating interaction term. The Crowe13 form includes additional
generation based on the square of the relative velocity
between the two phases. Volume based averaging (VBA)
was used to develop new relations for the fluctuating interac-
tion terms in contrast to most of the other models which
have used TVBA to develop expressions for the fluctuating
interaction terms. Only Zhang and Reese14 have used the
Crowe13 formulation, along with a modified Koch and San-
gani9 model for the fluid-solid velocity cross-correlation, and
observed a good match with available experimental data.

A new closure model for the fluctuating interactions is intro-
duced in this study based on a fluctuating energy transfer
mechanism analogous to a heat transfer mechanism. In this
new closure, the Sinclair and Mallo12 model is used for the
gas-solid fluctuating velocity cross-correlation. Gas-solid flow
predictions based on this closure compare more favorably to
experimental data for gas turbulence and granular temperature
than all of the previously published models. This new model is
capable of predicting the gas-phase turbulence behavior asso-
ciated with a wide range of particle sizes such as turbulence
dampening in the presence of particles, turbulence enhance-
ment, as well as in-between turbulence behavior.

Drag models

Wen and Yu15 is probably the most widely used and
accepted particle drag model. However, Hadinoto and Cur-
tis10 showed that the choice of the drag model may affect
the predicted mean and fluctuating velocity profiles in dilute
gas-solid flow for small and low density particles at low
velocities. In this study, flow predictions employing the (1)
Wen and Yu15 drag model, based on experimental correla-
tion, the (2) Hill et al.16,17 drag model, based on theory and
Lattice—Boltzman simulations, and the (3) Syamlal and
O’Brien drag model,18 also based on experimental correla-
tion, are investigated and compared.
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Solid-phase stress model

Two different closures for the solid-phase stress are con-
sidered in this study. Both of these originate from the kinetic
theory for granular flow. The Lun et al.19 granular flow
theory was the first fundamental description for the solid-
phase stress based on analogy with molecular collisions in a
dense gas. The second model, based on the work of Peirano
and Leckner,20 includes the effect of gas-phase turbulence
and the effect of the interstitial fluid in the description for
the solid-phase stress.

Table 1 summarizes the closures used by the various
dilute, turbulent gas-solid flow models in the literature. As
outlined above, several model formulations obtained by com-
bining the different interaction/coupling term formulations
along with the various gas-solid velocity cross-correlations,
three different drag force models, and two different solid-
phase stress models, are compared and tested against bench-
mark experimental data provided by Tsuji et al.,21 Jones
et al.,22 Sheen et al.,23 and Lee and Durst.24 These data sets
were obtained under the conditions of fully-developed,
dilute, turbulent gas-solid flow in a vertical pipe using laser
Doppler velocimetry. The mean and fluctuating velocity pro-
files of the gas and solid phases have been reported in these
experiments. After evaluating all the combinations of the
models, Table 1 puts forth the final model which yields min-
imum errors when compared to the various data sets.

Mathematical Model

The continuum equations for an Eulerian description of
dilute, turbulent gas-solid flow have been well documented
in many studies. The two-fluid equations used in this work
follow those given in Bolio et al.2 Table 2 presents the Bolio
et al.2 governing equations for the simplified case of fully-
developed, dilute, turbulent gas-solid flow in a vertical pipe
of radius (R). These simplified equations are also consistent
with the gas/solid turbulence model of Simonin implemented
in MFIX25 and Benavides and van Wachem.4

Fluid stress (srz)

The total fluid stress (srz) has two components. First, there
is the viscous fluid component in which the intrinsic gas vis-
cosity (lg) is affected by the presence of the solid (Table 2,
Fluid Stress). The effect on lg for very dilute solids concentra-
tion cases is given by Batchelor and Green.26 The second com-

ponent in the total fluid stress is the turbulent contribution
(Reynold Stress) which is simplified using an eddy viscosity
closure. For the two—equation k-e turbulence model, the eddy
viscosity is described based on the turbulent kinetic energy (k)
and its dissipation rate (e). The turbulence model coefficients
(cT1, cT2, cT3, cl, rk, re, fT1, fT2, and fl) are the same as given
in Bolio et al.2 and are summarized in Table 3.

Drag force (FD)

The drag force is proportional to the relative velocity and
to the drag coefficient b, which is a function of the solids
volume fraction (m), and particle Reynolds number. Table 4
provides the details for the three drag models considered in
this study: Wen and Yu,15 Hill et al.,16,17 and Syamlal and
O’Brien.18 The Hill et al.16,17 model is not directly extracted
from the original papers but follows the equation set pre-
sented in Benyahia et al.27

Granular energy dissipation (c), solid-phase stress
(rrz, rrr, ryy), and granular energy flux (qpTr)

Granular energy is dissipated due to inelastic collisions of
particles with a restitution coefficient (e). This granular
energy dissipation is given by Lun et al.19 and is a function
of the radial distribution function (g0), the solid volume frac-
tion (m), and granular temperature (T).

The solid-phase stresses have two contributions: the ki-
netic (or translational) part (rk) and the collisional part (rc).
Bolio et al.2 modified the Lun et al.19 stress expressions so
that the kinetic contribution remains bounded in finite-sized
domains and dampens according to a function x proportional
to the mean free path of the particles. Consequently

r ¼ xrk þ rc (1)
where

x ¼ 1

1þ kmfp=R
(2)

and the mean free path, kmfp is

kmfp ¼ d

6
ffiffiffi
2

p
m

(3)

The descriptions for the normal solid-phase stresses (rrr,
ryy) are very similar in Lun et al.19 and Peirano and Leck-
ner,20 with the primary difference being with the presence of
the damping function x in the Lun et al.19 formulation. In this

Table 1. Closure Relations Employed in the Published Gas Solid Flow Models

Model Interaction Term (Ik, IT) Cross - Correlation (ksg) Drag Force (FD) Solid Stress (ls, ks,)

Bolio et al.2 TVBA, Eqs. 4 and 5 Louge et al.1 Wen and Yu15 Lun et al.19

MFIX3 TVBA, Eqs. 4 and 5 Simonin3 Syamlal and O’Brien model18 Peirano and Leckner20

Zhang and Reese14 VBA,Crowe13, Eqs. 14 and 15 Zhang and Reese14 Zhang and Reese14 Peirano and Leckner20

Benavides and
van Wachem4

TVBA, Eqs. 4 and 5 Louge et. al.1, Simonin3,
Sinclair and Mallo12

Wen and Yu15 Peirano and Leckner20

Present study TVBA, Eqs. 4 and 5 Louge et al.,1 Koch and
Sangani9, Wiely et al.,11

Simonin3, Sinclair and Mallo12

Wen and Yu15, Syamlal
and O’Brien model18,

Hill et al.16,17

Lun et al.,19 Peirano
and Leckner20

VBA,Crowe13, Eqs. 14 and 15 Zhang and Reese14

FET, Eqs. 25 and 26 Sinclair and Mallo12

New proposed model FET, Eqs. 25 and 26 Sinclair and Mallo12 Wen and Yu15 Peirano and Leckner20

TVBA, time and volume based averaging for Ik and IT; VBA, volume based averaging for Ik and IT; FET, Ik and IT are based on the fluctuation energy transfer
mechanism.
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study, the Bolio et al.2 expressions have been followed for the
normal solid stress when the Lun et al.19 model is used.

The shear stress for the solid phase is expressed as a prod-
uct of the solid-phase viscosity (ls) and the solid velocity
strain (see Table 2, Solid-Phase Stress).

Similar to the solid-phase shear stress, the granular energy
flux is expressed as a product of the granular (or pseudo-
thermal) conductivity (k), and the gradient of granular tem-
perature (Table 2, Granular Energy Flux). The expressions
for the solids viscosity (ls) and conductivity (k) as given by
Lun et al.19 and Peirano and Leckner20 are quite different
and are detailed in Table 5. The Simonin3 expressions have
been followed for the solids viscosity (ls) and conductivity
(k) when the Peirano and Leckner20 model is used.

Fluctuating interaction/coupling terms (Ik, IT)

Louge et al.1 used TVBA and simplified the fluctuating
interaction/coupling terms to the following form

Ik ¼ �b 1� mð Þ 2k � v0giv
0
si

� �
(4)

IT ¼ b 1� mð Þ v0giv
0
si � 3T

� �
(5)

where Ik represents the interaction coupling between the
granular temperature and the gas-phase turbulence equation
and IT is the interaction coupling between the gas-phase
turbulence and the granular energy balance equation. For the
sake of convenience, the cross-correlation of the gas and solid
fluctuating velocities v0giv

0
si will be denoted as ksg hereafter.

The description for ksg is probably the most controversial
point amongst the different closures required for gas-solid

Table 2. Fully Developed Gas-Solid Flow Model in Vertical
Pipes

Gas phase momentum balance (z-component)

0 ¼ 1

r

@

@r
rsrzð Þ � FDz � dp

dz

Solid phase momentum balance (z-component)

0 ¼ � 1

r

@

@r
rrrzð Þ þ FDz þ qsmg

Solid phase momentum balance (r-component)

0 ¼ 1

r

@

@r
rrrrð Þ � rhh

r
Granular energy balance

0 ¼ � 1

r

@

@r
rqPTrð Þ � rrz

@Vsz

@r
� cþ IT

Transport equations for k-e

0 ¼ 1

r

@

@r
r 1� mð Þ leg

qg
þ lT
rkqg

 !
@k

@r

" #

þ 1� mð ÞlT
qg

@Vgz

@r

� �2

� 1� mð Þeþ Ik

0 ¼ 1

r

@

@r
r 1� mð Þ leg

qg
þ lT
reqg

 !
@e
@r

" #

1� mð ÞcT1fT1 e
k

lT
qg

@Vgz

@r

� �2

1� mð ÞcT2fT2 e
2

k
þ 1� mð ÞcT3fT2 e

k
Ik

Fluid stress (srz)

srz ¼ leg þ lT
� � @Vgz

@r
Batchelor and Green25

leg ¼ lg 1þ 2:5mþ 7:6m2
� �

1� m
m0

� �

lT ¼ clflqgk
2

e

Drag force (FD)

FDz ¼ b Vgz � Vsz

� �
b is detailed in Table 4

Granular energy dissipation (c)

c ¼ 48ffiffiffi
p

p g 1� gð Þg0m2 qs
d
T3=2

where

T ¼ 1

3
vsivsið Þ; g ¼ 1þ eð Þ

2
; g0 ¼ m1=30

m1=30 � m1=3

Solid-phase stress (rrz, rrr, ryy)

Normal stresses: rrr ¼ ryy ¼ qs(xG1k þ G1c)T (for Lun etal.19)

Normal stresses: rrr¼ ryy¼ qs(G1kþ G1c)T (for Perino and Leckner,20)

(Continued)

Table 3. Gas Turbulence Model

Bolio et al.2

cT1 ¼ 1.4, cT2 ¼ 1.8, cT3 ¼ 1.2, cl ¼ 0.09, rk ¼ 1.4, re ¼ 1.3

fT1 ¼ 1

fT2 ¼ 1� 2

9
exp � RT

6

� �2
( )" #

1� exp � yþ

5

� 	
 �2

fl ¼ 1� exp � yþ

70

� �
 �
1þ 3:45ffiffiffiffiffiffi

RT

p

 �

where;

yþ ¼ Usqg
lg

R� rð Þ and RT ¼ qgk
2

lege

Table 2. (Continued)

where,

G1k ¼ m

G1c ¼ 4gm2g0

Shear stress : rrz ¼ �ls
@Vsz

@r
Granular energy flux (qpTr)

qpTr ¼ �k
@T

@r
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flow modeling in an Eulerian framework. This controversy is
due to the fact that there is a lack of fundamental under-
standing concerning the nature of the fluid-solid interactions
at the level of the velocity fluctuations.

In the gas-solid flow model of Louge et al.,1 the authors
modified the expression of Koch7 who rigorously derived ksg.
However, Koch7 assumed the system to have negligible fluid
inertia with particles suspended in a viscous fluid. Conse-
quently, the Koch’s7 ksg lacks the effect of gas-phase turbu-
lence on the cross-correlation. Hence, the fluid-solid fluctuating
interactions that have evolved from the Koch7 model may not
be appropriate in the case of turbulent gas-solid flow.

Igci et al.8 employed the work of Koch and Sangani,9 an
extension of the Koch7 model, in a system where the fluid
turbulence was again neglected. Koch and Sangani9 used a
w factor to summarize the effect of the solids concentration.
w replaces the solid volume fraction functionality obtained
from using the drag term (b) in the work of Louge et al.1

Hadinoto and Curtis10 used another form of the Koch7 model
based on the work of Wylie et al.11 This model included the
effect of large particle inertia and moderate fluid inertia by
enhancing the w factor with a functionality which depends
on m, ReT, and Rep. Table 6 provides the details of the evolu-
tion of Koch’s7 gas-solid velocity cross-correlation.

Table 4. Drag Coefficient

Wen and Yu15

b ¼ 3

4

qg
d
CD

m

1� mð Þ2:65 Vgz � Vsz

�� ��
CD ¼ 24

Rep
1þ 0:15Re0:687p

� �
forRep � 1000

CD ¼ 0:44 forRep > 1000

Rep ¼
1� mð Þqgd Vgz � Vsz

�� ��
lg

Hill et al.16,17 model

b ¼ 18lg 1� mð Þm F

d2

F ¼ 1þ 3

8
Rep for m � 0:01 and Rep � F2 � 1

3=8� F3

F ¼ F0 þ F1 Re
2
p for m > 0:01 and Rep � F3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F3 � 4F1 F0 � F2ð Þp

2F1

F ¼ F2 þ F3 Rep for m � 0:01 and Rep >
F2 � 1

3=8� F3

F ¼ F2 þ F3 Rep for m > 0:01 and Rep >
F3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F3 � 4F1 F0 � F2ð Þp

2F1

F0 ¼ 1� wHLKð Þ 1þ 3
ffiffiffiffiffiffiffi
m=2

p þ 135=64ð Þm ln mð Þ þ 17:14m
1þ 0:681m� 8:48m2 þ 8:16m3

" #
þ wHLK 10

m

1� mð Þ3
" #

for m\0:4

F1 ¼ 1

40

ffiffiffi
2

m

r
for m\0:1

F2 ¼ 1� wHLKð Þ 1þ 3
ffiffiffiffiffiffiffi
m=2

p þ 135=64ð Þm ln mð Þ þ 17:89m
1þ 0:681m� 11:03m2 þ 15:41m3

" #
þ wHLK 10

m

1� mð Þ3
" #

for m\0:4

F3 ¼ 0:9531mþ 0:03667 for m\0:0953

wHKL ¼ exp �10 0:4� mð Þ=m½ �

Rep ¼
1� mð Þqgd Vgz � Vsz

�� ��
2lg

Syamlal and O’Brien18

b ¼ 3mqg
4V2

rmd
0:63þ 4:8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vrm=Rep

q� �2
Vgz � Vsz

�� ��
Vrm ¼ 0:5 A� 0:06Rep þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:06Rep
� �2þ0:12Rep 2BSO � ASOð Þ þ A2

q� �
ASO ¼ 1� mð Þ4:14 and BSO ¼ 1� mð Þ2:65

Rep ¼
qgd Vgz � Vsz

�� ��
lg
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Simonin3 developed a model for the gas-solid fluctuation ve-
locity cross-correlation based on the Lagrangian time scale and
particle relaxation time scale. The Lagrangian time is the large-
eddy time scale as felt by crossing particles and is defined as

sL ¼ seffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cbn

2
r

q (6)

where the eddy time scale (se, the turn over time of an eddy) is
defined as

se ¼ 3

2
clfl

k

e
(7)

and

n2r ¼
3 Vg � Vs

�� ��2
2k

(8)

cb ¼ 1:8� 1:35 cos2 h0ð Þ (9)

The parameter y0 is the angle between the mean fluid and
solid velocity vectors. The particle relaxation or the drag
time (sD) is the time for which the effect of a passing parti-
cle can be felt on the neighboring fluid

sD ¼ mqs
b 1� mð Þ (10)

The Simonin model assumes that the ratio of the Lagran-
gian time scale (sL) to the particle relaxation time (sD) is
equal to the ratio of the fluctuation energy of the cross-corre-
lation carried by the gas phase to the fluctuation energy car-
ried by the entire mixture. That is

gt ¼
sL
sD

¼ qgmgksg
2qgmgk þ 3qsmsT � qavgksg
� � (11)

Equation 11 on rearrangement gives

ksg ¼ gt
1þ 1þ v½ �gt

2k þ 3vT½ � (12)

where

Table 5. Solid Viscosity, ls, and Solid Conductivity, k

Lun et al.20 (as modified by Bolio et al.2)
Solid viscosity

ls ¼ l
0
s xG2k þG2cð Þ

l
0
s ¼

5
ffiffiffi
p

p
96

qsd
ffiffiffi
T

p

G2k ¼ 1
g 2�gð Þg0 1þ 8

5
gmg0 3g� 2ð Þ
 �

G2c ¼ 8m
5 2�gð Þ 1þ 8

5
gmg0 3g� 2ð Þ
 �þ 768m2g0g

25p

Bulk Solid Viscosity

lb ¼
256lsm

2g0
5p

Solid Conductivity

k ¼ k0 xG3k þ G3cð Þ

k0 ¼ 25
ffiffiffi
p

p
128

qsd
ffiffiffi
T

p

G3k ¼ 8
g 41�33gð Þg0 1þ 12

5
g2mg0 4g� 3ð Þ
 �

G3c¼ 96m
5 41�33gð Þ 1þ12

5
g2mg0 4g�3ð Þþ16

5p gmg0 41g�33ð Þ
 �
Peirano and Leckner20

Solid Viscosity

ls ¼ mqs G2k þ G2cð Þ
G2k ¼ 2

3
ksggt þ T 1þ APLmg0ð Þ
 �

2
sD
þ BPL

sc

� ��1

G2c ¼ 8
5
mg0g G2k þ d

ffiffiffi
T
p

q� �
Bulk Solid Viscosity

lb ¼
5

3
mqsG2c

Solid Conductivity

k ¼ mqs G3k þ G3cð Þ
G3k ¼ 9

10
ksggt þ 3

2
T 1þ CPLmg0ð Þ
 �

9=5
sD

þ DPL

sc

� ��1

G3c ¼ 18
5
mg0g G3k þ 5

9
d
ffiffiffi
T
p

q� �
APL ¼ 2=5 1þ eð Þ 3e� 1ð Þ
BPL ¼ 1þ eð Þ 3� eð Þ=5
CPL ¼ ð1þ eÞ2 2e� 1ð Þ=100
DPL ¼ 1þ eð Þ 49� 33eð Þ=100

Table 6. Gas Solid Velocity Cross Correlations which have

Evolved from Koch
7

Koch7 expression as modified by Louge et al.,1

ksg ¼ 4ffiffiffi
p

p d

qs

b 1� mð Þ
m

Vgz � Vsz

� �2ffiffiffi
T

p

Koch and Sangani9 expression as used by Igci et al.,8

b 1� mð Þksg ¼
81ml2g Vgz � Vsz

�� ��2
g0d3qg

ffiffiffiffiffiffi
pT

p w

where

w ¼
1þ 3

ffiffiffiffiffiffiffi
m=2

p þ 135=64ð Þm ln mð Þ þ 17:14m
� �2

1þ 3:5
ffiffiffi
m

p þ 5:9mð Þ 1þ 0:681m� 8:48m2 þ 8:16m3ð Þ2
Wylie et al.11 expression as used by Hadinoto and Curtis,10

b 1� mð Þksg ¼
81ml2g Vgz � Vsz

�� ��2
g0d3qg

ffiffiffiffiffiffi
pT

p w0

where

w0 ¼ wþ KfbRepw
00

Kfb ¼ 0:0336þ 0:106mþ 0:0116ð1� mÞ�5

w00 ¼ 1þ 2
Re2T
Re2p

� Re4T
Re4p

 !
erf

ReTffiffiffi
2

p
Rep

 !

þ
ffiffiffi
2

p

r
ReT
Rep

1þ Re2T
Re2p

 !
exp � Re2d

2Re2p

 !

Rep ¼
qgd Vgz � Vsz

�� ��
lg

ReT ¼ qgd
ffiffiffi
T

p

lg
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v ¼ qsm
qg 1� mð Þ (13)

Benviades and van Wachen,4 and Benyahia et al.30 also
use Eq. 12 while using the Simonin model for the velocity
cross-correlation closure.

Crowe13 argued that it was incorrect to take the averaged
flow variables as being local flow variables and to treat the
governing equations as if they represented single-phase flow
with a local coupling term. Hence, Crowe13 suggested a new
approach for the development of the governing equations
which is not based on temporal and volume averaging, but is
based on volume averaging only (VBA). The equations he
used for the fluctuation interaction terms Ik and IT, are dif-
ferent than those normally used by others

Ik ¼ b 1� mð Þ Vg � Vs

�� ��2þb 1� mð Þ 3T � ksg
� �

(14)

IT ¼ b 1� mð Þ ksg � 3T
� �

(15)

In this formulation, the first term in Eq. 14 reflects the
conservation of mechanical work by drag force into turbu-
lence kinetic energy. The second term in Eq. 14 is a redis-
tribution term representing the transfer of kinetic energy of
particle motion to the kinetic energy of the carrier fluid. The
additional generation term which is proportional to the
square of the relative velocity between the two phases (Eq.
14), arising due to the new averaging technique. This addi-
tional generation helps in predict enhanced fluid turbulence.
The model of Zhang and Reese14 employs Eqs. 14 and 15
for the fluctuating interaction terms along with a modified
Koch and Sangani9 model to describe the cross-correlation
between the fluid and solid fluctuating velocity

ksg ¼ Vg � Vs

�� ��2 sc
sD

(16)

where the collision time sc is the time between collisions and
is defined as

sc ¼ d

24mg0

ffiffiffi
p
T

r
(17)

Zhang and Reese14 showed good predictions when com-
pared with the Tsuji et al.21 data. Sinclair and Mallo12 devel-
oped a simple model for the cross-correlation of fluid-solid
velocity fluctuations using a simple geometric mean

ksg ¼
ffiffiffiffiffiffiffiffi
6kT

p
(18)

Equation 18 is obtained by assuming that the correlation
of the fluctuating gas velocity and the fluctuating drag force
(v0gi:fDi) divided by the gas fluctuation velocity is equal to
the correlation of the fluctuating solid velocity and the fluc-
tuating drag force (v0si:fDi) divided by the fluctuating solid
velocity, i.e.

v0gi:fDi

v0gi:v
0
gi

� �1=2 ffi � v0si:fDi

v0si:v
0
si

� �1=2 (19)

where fDi is the fluctuating drag force. The correlation between
fluctuating gas velocity and the fluctuating drag force is
generally approximated as Ik, the effect of solids on the gas
turbulence, and the correlation of fluctuating solid velocity and
the fluctuating drag force is approximated as IT, the effect of
gas turbulence on the granular temperature. Thus Eq. 19 can
be interpreted as

Ikffiffiffiffiffi
2k

p ¼ � ITffiffiffiffiffiffi
3T

p (20)

Substituting Eqs. 4 and 5 into Eq. 20 gives

b 2k � ksg
� �

ffiffiffiffiffi
2k

p ¼ b ksg � 3T
� �

ffiffiffiffiffiffi
3T

p (21)

Equation 21 on simplification gives Eq. 18.

New fluctuating energy transfer (FET) model for the
fluctuating interaction/coupling terms

To develop the new fluctuating interaction model (FET
model), we consider the hypothetical situation where:
(1) Particles are enclosed and suspended freely in a box

with no gravitational acceleration.
(2) The fluid has negligible viscosity; hence, there is no

momentum diffusion and no turbulence dissipation.
(3) The collisions of the particles are elastic; conse-

quently, there is no dissipation due to collisions.
(4) The diffusion of particle momentum is also negligible.
(5) There are no wall effects.
Now, assume that at the start of an experiment the par-

ticles are stationary but the gas has an evenly distributed tur-
bulent energy given by k. In this situation, the gas-phase tur-
bulence will initiate some velocity fluctuations in the particle
phase that will continue to grow. In this hypothetical situa-
tion, the gas-phase turbulent kinetic energy and granular
energy equations will reduce to

qg 1� mð Þ @k
@t

¼ �Ik ¼ �b0 1� mð Þ 2k � ksg
� �

(22)

3

2
qsm

@T

@t
¼ IT ¼ b0 1� mð Þ ksg � 3T

� �
(23)

Equations 22 and 23 are analogous to the case of simple
heat transfer between two immiscible fluids. The interaction
terms are similar to convection heat transfer where (2k�ksg)
and (ksg�3T) are analogous to temperature differences

Figure 1. Profile for the fluctuating energy transfer.
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(Tf1�Tf12) and (Tf12-Tf2), respectively (Tf1 and Tf2 are the
bulk temperatures of the two fluids and Tf12 is the tempera-
ture at the interface), and b0(1�m) is analogous to the heat
transfer coefficient multiplied by the surface area (hAht). For
the defined hypothetical situation, the energy lost by the gas
phase is equal to the energy gained by the solid phase

3

2
qsm

@T

@t
¼ �qg 1� mð Þ @k

@t
(24)

Figure 1 shows how the difference in the magnitude of
the velocity fluctuations causes a transfer of energy from one
phase to another, similar to the transfer of heat from one
fluid phase to another. This picture of the energy transfer is
consistent with the assumption of interpenetrating continua
of the two phases and the use of the two-fluid model. The
energy exchange will continue until the fluctuations equalize,
that is, ksg ¼ 2k ¼ 3T.

Typical units of b0(1�m) are M1L�3T�1 and so
qg

b0 1�mð Þ is a
time scale (ssg) over which the transfer of fluctuation energy
occurs. For particles with low inertia, that is, particles exhib-
iting turbulence dampening, the time scale for fluctuation
energy transfer is sD. This behavior occurs because, for par-
ticles exhibiting turbulence dampening, the mechanism of
the fluid being pulled along by the particles causes the trans-
fer of fluctuation energy. Hence the drag time scale is the
time over which the transfer of energy occurs. On the other
hand, particles with higher inertia, that is, particles showing

in-between behavior and turbulence enhancement, the time
scale for fluctuation energy transfer is sc. For these particles,
as they collide with each other and the wall, individual solid
particles change their direction of flow. The change in direc-
tion of the particles causes a corresponding change in direc-
tion of the wake. The continuous changes in direction of the
wakes, for these high inertia particles, cause an enhancement
in the gas-phase turbulence. The collision time scale is time
between which the particles and its wake changes direction
and so the energy transfer occurs over the collisional time
scale (sc) for the high inertia particles.

Finally, to describe the vortex shedding phenomenon asso-
ciated with gas-phase turbulent enhancement, the fluctuating
interaction/coupling term, Ik (Eq. 4), is enhanced by the
wake effect Ew as given by Lun28(Table 7). The coefficient
Cw is slightly modified from what was originally prescribed
in Lun28 to produce a better fit to the experimental data.
Thus, the following equations represent the complete fluctu-
ating interaction/coupling terms for the new model

Ik ¼ � qg
ssg

2k � ksg
� �þ Ew (25)

IT ¼ qg
ssg

ksg � 3T
� �

(26)

where ssg is the time scale for the fluctuation energy transfer
(ssg ¼ sD, for particles which show turbulence damping and ssg

Table 7. Wake Term Ew

Lun28

Ew ¼ 12
Cwltk
d2

Rep ¼
qgd Vgz � Vsz

�� ��
lg

lt ¼ 0:017Replg for 150 � Rep\310

lt ¼ 1:2þ 0:00005Re2plg for 310 � Rep\610

lt ¼ 0:029Replg forRep � 610

Cw ¼ 10=3 for 150 � Rep\310

Cw ¼ 24=3 forRep � 310

Table 8. Summary of Experimental Data

Data Size (lm) Density (kg/m3)

Mass Loading
Cases

Vgz at r¼0 (m/s)
Cases

R (mm) e,ew,U Profiles Provided1 2 3 1 2 3

Tsuji et al.21 243 1020 0.5 1.3 3.2 13.1 12.8 10.8 15.25 0.9, 0.9, 0.002 Vgz, vgz
0, vsz0

500 1020 0.7 1.3 3.4 12.2 13.3 10.7 Vgz, vgz
0

1420 1030 0.6 2 2 13.4 12.8 13.2 Vgz, vgz
0

2780 1020 0.6 2.3 3.4 14.5 13.8 14.2 Vgz, vgz
0

Jones32 70 2529 1 2 4 18.1 17.6 16.5 7.112 0.94, 0.94, 0.002 Vgz, Vsz, k, vsz
0

Lee and Durst22 400 2500 1.5 5.77 20.9 0.94, 0.94, 0.002 Vgz, Vsz

100 2500 1.21 5.7
Sheen et al.23 275 1020 1.224 8.785 26 0.9, 0.9, 0.002 Vgz, Vsz, vgz

0
450 1020 0.885 9.22 Vgz, Vsz, vgz

0
800 1020 1.5 9.686 Vgz, Vsz, vgz

0

For all cases, lg ¼ 1.8 � 10�5 Ns/m2, qg ¼ 1.2 kg/m3, and v0 ¼ 0.65.

Figure 2. Program flow chart.
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¼ sc, for particles which show in-between behavior and
turbulence enhancement).

A couple of observations can be made about the cross-cor-
relation ksg:
(1) According to the new model and from the heat trans-

fer analogy, ksg must lie between 2k and 3T.
(2) At the wall, as the instantaneous fluid velocity

becomes zero due to the no-slip condition, the cross-correla-
tion ksg must also become zero.

Keeping these two conditions in mind, the Sinclair
and Mallo12 (Eq. 18) model is used for the cross-correlation
ksg since it is the only closure that is consistent with both
conditions.

Boundary and operating conditions

Appropriate boundary conditions are also of prime impor-
tance to generate reliable flow predictions. At the center of
the pipe, the symmetry boundary condition is used for all
the flow variables. For the solid phase, boundary conditions
at the wall for shear stress (rrz) and the flux of granular
energy (qpT) follow Johnson and Jackson.29

For the fluid phase at the wall, two sets of conditions
were employed in this study. The first set of conditions is
based on a low Reynolds number k-e turbulence model as
used by Bolio et al.2 where turbulent transport equations for
the fluid phase are integrated to the wall. For low Reynolds
number k-e turbulence model the mean and fluctuating fluid
velocities are zero (no-slip boundary condition). Dissipation
of gas turbulence at the wall is given by

qge ¼ leg
@2k

@r2
þ Ik (27)

The second set of boundary conditions for the fluid phase
employ wall functions for the fluid phase and follow the
MFIX code.30 These conditions assume some fluid velocity
slip at the wall. Also, the wall conditions for k and e are modi-
fied to be consistent with this approximation. The wall func-
tions for the fluid-phase were used only when the code was
being validated against the MFIX code and the results of
Benavides and van Wachem.4 For all the figures and tables in
this study, the low Reynolds number k-e turbulence model is
used (i.e., no-slip boundary condition along with Eq. 27).

Numerical solution

To solve the governing equations numerically, one operat-
ing condition for the fluid phase and one for the solid phase
are required. In the code developed for this study, two
options are available for the operating condition on the fluid
phase: the centerline fluid velocity or the fluid flow rate. The
choice of which to use is made based on the conditions
specified in the experimental data. For the solid phase, solid
mass loading m is used to specify the operating condition.
The solid loading m is defined as

m ¼
R
qsmVszrdrR

qg 1� mð ÞVgzrdr
(28)

The governing equations including the closure models,
boundary and operating conditions are solved using a

Figure 3. Present model predictions compared to Tsuji et al.21 243 lm particles.

Figure 4. Present model predictions compared to Tsuji
et al.21 500 lm particles.

Figure 5. Present model predictions compared to Tsuji
et al.21 1420 lm particles.
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combination of marching and iterative schemes as described
in the following paragraph.

The continuum equations are discretized using the finite
volume method approach described in Patankar and Spa-
dling.31 Approximately 100 discrete grid points were distrib-
uted in a nonuniform pattern throughout the domain cross-
section with higher grid resolution near the wall. Bolio
et al.2 showed that 60 grid points were sufficient to generate
a grid-independent solution.

Figure 2 depicts the flow chart for the code. First, an esti-
mate using the single phase dimensionless fluid velocity Vgz,
gas turbulence k, and gas-phase dissipation e at a specific Re

of flow (where Re ¼ qgVavg2R

lg
) are given as input to the code.

The code then perturbs the Re towards the direction of the
desired operating velocity and generates the new single-
phase profiles for the perturbed Re in an iterative scheme.
The operating condition is solved along with the discretized
version of the single-phase gas momentum equation. The
operating condition provides an additional equation which
allows the pressure drop (!p) to be treated as an unknown
parameter. Thus, a pressure drop guess is not needed. The
perturbations in Re are made until the operating Re is
achieved (i.e., the operating velocity is achieved). At this point,
an assumption is made that the fluid profile at very low solids
loading will match the single phase profiles. Further, the
guessed profiles for m, Vsz, and T are considered to be inde-

pendent of r (the radial co-ordinate). The single phase profiles
along with the guesses for m, Vsz, and T are taken as guesses
for the very dilute case of two-phase profiles.

Like the fluid operating condition, the solid operating con-
dition is solved along with the solid phase momentum bal-
ance (r-component) equation for the solid volume fraction
profiles. The simulated flow profiles are used as a guess for
the very dilute case. The loading is increased in small dis-
crete steps (profiles for each loading step were calculated in
an iterative scheme) until the two-phase flow operating con-
ditions are obtained. Thus, in this fashion, a stable numerical
solution is obtained.

The code is written in a modular fashion so that it is simple to
toggle amongst the various closure models and boundary condi-
tions. Hence, the code developed herein has the ability to easily
reproduce the predicted flow patterns given in Bolio et al.,2

Benavides and van Wachem,4 and MFIX25 (following the work
of Simonin3). Therefore, this code provides a useful tool to com-
pare various dilute turbulent gas-solid models against the same

Figure 6. Present model predictions compared to Tsuji
et al.21 2780 lm particles.

Figure 7. Present model predictions compared to
Jones et al.22 70 lm particles.

Figure 8. Present model predictions compared to Sheen et al.23
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benchmark experimental data sets on the same platform.
Unfortunately, the code is unable to reproduce the results of
Zhang and Reese14 even after consultation with the authors.

Benchmark data sets

As stated earlier, the data under consideration are for pneu-
matic transport of solids by gas (air) in a vertical pipe. These
flows are dilute and turbulent, and the flow profiles are fully
developed. The data sets of Tsuji et al.,21 Jones et al.,22 Lee and
Durst,24 and Sheen et al.23 span various sizes of polystyrene and
glass bead particles (70–3000 lm) with Re approximately
between 10,000 and 30,000 and mass loadings varying between
0 to 5. For succinctness, only the profiles obtained from what
was found to be the most robust model, i.e., the model yielding
the best predictions over the range of operating conditions and
system parameters, are shown here. The most robust model
employs the Wen and Yu15 drag force relation, the Peirano and
Leckner20 solid stress model, and the FET closure for the inter-
action between the gas and particle velocity fluctuations along
with the Sinclair and Mallo12 closure for the cross-correlation.

Since the experimental data by Tsuji et al.21 is the most
widely cited, the data sets for 243 lm and 500 lm are chosen
here as a standard by which all the previously published models,
as well as the present model, will be evaluated. However, all of
the models have been evaluated against all the experimental data
summarized in Table 8, and it is observed that the model utiliz-
ing the combination of Wen and Yu15 drag force relation, the
Peirano and Leckner20 solid stress model, and the FET closure
compare more favorably to the data than the other models. The
values for the coefficient of restitution of particle-particle/parti-
cle-wall collisions and the specularity factor are the same as
those given in Bolio et al.2 and are approximately similar to the
values employed in the other published gas-solid flow models.

Results and Discussion

From the simulations, profiles of the gas and solid mean
velocities Vgz and Vsz, along with the profiles of the gas turbulent
kinetic energy k and the granular temperature T are obtained.
Since experimental data report values for the axial solid velocity
fluctuations vsz

0, these values need to be extracted from the pre-
dicted granular temperature T. To convert T to vsz

0, isotropic
solid velocity fluctuations are assumed. Measurements of axial
and radial solid velocity fluctuations show that this assumption
is a reasonable one for dilute gas-solid flow32

v0sz ¼
ffiffiffi
T

p
(29)

For the gas velocity fluctuations, Sheen et al.23 has shown
that the gas turbulence is not isotropic in pipe flows. Conse-
quently, it is assumed that the radial and azimuthal fluctua-
tions in velocity v0gr and v0gh respectively, are approximately
half of the axial velocity fluctuations23

v0gr ¼ v0gh ¼
v0gz
2

(30)

which results in

v0gz ¼
ffiffiffi
k

p
(31)

Figures 3 to 6 compare the predicted profiles of the new model
(which incorporates the Wen and Yu15 drag force, the Peirano
and Leckner20 solids stress, the new FET model for the interac-
tion between the gas and particle velocity fluctuations, and the
Sinclair and Mallo12 model for the solid-gas velocity cross-corre-
lation) to the experimental data of Tsuji et al.21 Figures 7 and 8
compare the predicted profiles from the same model to the Jones
et al.22 and Sheen et al.23 data, respectively. In all of these pre-

dictions, when the Stokes number (ST ¼ d2Vavgqs
18lg 2Rð Þ) is less than

100, the particle relaxation time scale sD is used as the time scale
for the fluctuation energy transfer. When ST is less than 100, the
mechanism of the fluid being pulled along by the particles
causes the transfer of the fluctuation energy. On the other hand,
when ST is greater than 100, the particle collision time scale sc
is used because the change in direction of the individual solid
particles and the corresponding disturbance in the particle wake
are responsible for the transfer of the fluctuation energy. Finally,
if Rep[ 150 (large particles with large relative velocity), Ew is
activated. When Rep is greater than 150, the turbulent boundary
layer detaches from the particle surface and vortices are gener-
ated in the wake of the solid particles, enhancing gas-phase tur-
bulence. Table 9 summarizes the time scales used by the FET
model for the various experimental data (detailed in Table 8).

Table 9. Time Scale Used in FET Model for the Different
Experimental Data

Experimental
Data

Size
(lm)

Density
(kg/m3)

�Rep
No.

�Stokes
No.

Time
Scale
Used

Vortex
Shedding

Tsuji et al.21 243 1020 45 75 sD No
500 1020 130 320 sc No
1420 1030 730 2700 sc Yes
2780 1020 1800 11300 sc Yes

Jones32 70 2529 12 50 sD No
Lee and Durst22 400 2500 90 170 sc No

100 2500 5 12 sc No
Sheen et al.23 275 1020 30 40 sD No

450 1020 85 115 sc No
800 1020 220 380 sc Yes

Table 10. Percentage Error in Predicted Gas Velocity Fluctuations Using the Various Combinations of Different Interaction
Terms and Velocity Cross Correlations

Interaction Term Cross Correlation

d ¼ 243 lm d ¼ 500 lm

Average Error%m¼0.5 m¼1.3 m¼3.2 m¼0.7 m¼1.3 m¼3.4

FET Eqs. 25 and 26 Sinclair and Mallo12 3.65 9.14 5.10 1.03 4.30 2.58 4.30
TVBA Eqs. 4 and 5 Louge et al.1 5.49 8.97 17.57 4.11 6.84 16.70 9.95
TVBA Eqs. 4 and 5 Koch and Sangani9 6.53 16.37 26.99 5.15 9.40 25.82 15.04
TVBA Eqs. 4 and 5 Wylie et al.11 6.53 16.37 27.00 5.15 9.40 25.83 15.05
TVBA Eqs. 4 and 5 Simonin3 6.47 15.59 18.69 5.14 9.34 24.36 13.27
TVBA Eqs. 4 and 5 Sinclair and Mallo12 3.03 11.22 11.42 1.44 3.02 7.86 6.33
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Overall, the simulation results for the mean gas and solid
velocities, as well as the fluctuating gas and solid velocities,
favorably match the experimental data with this proposed
model. The predictions for gas-solid flow shown in Figure 6
for 2.80 mm particles are not as good as the other cases.
This discrepancy is likely due to an inadequate description
for vortex shedding with such large particles.

Comparing the various models for interaction terms and
cross-correlations

The different models for the interaction terms are com-
pared using the gas-phase turbulence and granular tempera-
ture data for the 243 lm and 500 lm particles of Tsuji
et al.21 These experimental data are used as the standard for
uniformly comparing model predictions since most (all but
Zhang and Reese14) of the other closure models do not pre-
dict gas-phase turbulence enhancement in the presence of
large particles (1.42 mm and 2.78 mm).

To focus this comparison on the effect of the model pre-
dictions from the various descriptions for interaction terms
and the cross-correlation, the same drag force relation, Wen
and Yu,15 and the same solid-phase stress, Perino and Leck-
ner,20 are used in generating the model predictions. Further-
more, only the gas fluctuation velocity (vgz

0) and the solid
fluctuation velocity (vsz

0) are compared, as variations in the
predicted mean gas and solid velocity profiles are negligible.

To quantify the comparisons between the model predic-
tions, a percentage error, reflecting the deviation between the
measured value and prediction is calculated, for the three

different solids loadings with the two different particle sizes.
The percentage error for the gas phase is defined as

%error ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
j

v0gzjexpt � v0gzjsim
� �2s
P
j

v0gzjexpt
� 100 (32)

where v0gzj
expt is the jth experimental value of the fluctuating

gas velocity and v0gzj
sim is the predicted value of the fluctuating

gas velocity at the same radial position r at its corresponding
jth experimental value. The percentage error for the solid
fluctuating velocity predictions is similarly defined for the
solid phase. These error values have been reported in Tables
10 and 11 and show that most models are able to capture the
very dilute mass loading flow cases, but fail to aptly predict
the cases with larger mass loading.

Figure 9(a) compares the magnitude of the bksg (where b
is calculated from the Wen and Yu15 drag correlation and
ksg is calculated from the various cross-correlations) for the
various combinations of interaction terms and the cross-cor-
relation models for the Tsuji et al.21 case of 243 lm par-
ticles with a solids loading of 3.2. Similarly, Ik (Eq. 4),

along with the generation 1� mð ÞlT @Vgz

@r

� �2
(calculated using

FET model only), are compared in Figure 9(b), and IT (Eq.
5), along with the rate of granular energy dissipation

(c ¼ 48ffiffi
p

p g 1� gð Þg0m2 qs
d T

3=2, calculated again using FET

model only), are compared in Figure 9(c).

Table 11. Percentage Error in Predicted Solid Velocity Fluctuations Using the Various Combinations of Different Interaction
Terms and Velocity Cross Correlations

Interaction term Cross Correlation

d ¼ 243 lm

Average error%m¼0.5 m¼1.3 m¼3.2

FET Eqs. 25 and 26 Sinclair and Mallo12 4.25 8.05 4.29 5.53
TVBA Eqs. 4 and 5 Louge et al.1 9.41 14.29 8.41 10.70
TVBA Eqs. 4 and 5 Koch and Sangani9 10.29 15.29 9.56 11.72
TVBA Eqs. 4 and 5 Wylie et al.12 10.29 15.29 9.56 11.72
TVBA Eqs. 4 and 5 Simonin3 10.22 15.24 9.32 11.59
TVBA Eqs. 4 and 5 Sinclair and Mallo12 2.87 8.42 3.93 5.07

Figure 9. Comparing the magnitudes of (a) bksf, (b) Ik, and (c) IT for the various interaction term models for the
case of 243 lm particles with m 5 3.2.21
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From Figure 9(b), it is observed that the generation is very
small at the core of the pipe and sharply rises toward the wall.
For the FET model, the Ik term dominates at the core of the
pipe, and the remaining two terms, the generation and the dis-
sipation e [not shown in Figure 9(b)], play an important role
near the wall of the pipe. Since Ik dominates at the core of the
pipe, the gas-phase turbulence k largely depends on the inter-
action term. While, at the wall, the gas-phase turbulence
depends on the generation and the dissipation.

Further, from Figure 9(c), the FET model predicts that IT
will be negative and all three terms in the granular tempera-
ture equation, granular temperature generation [not shown
Figure 9(c)], dissipation, and interaction play equally impor-
tant roles throughout the pipe. No one term dominates at any
radial position.

In cases in which the Louge et al.,1 Koch and Sangani,9 and
Wylie et al.11 cross-correlation models (these models use
TVBA for Ik and IT) are used, the error in predicting the gas-
phase turbulence profile (Table 10) increases as the mass load-
ing increases, especially at the core of the pipe. This result is
because the magnitude bksg in Eq. 4 is underestimated, and
consequently, Ik is small compared to the gas-phase generation
[Figure 9(b)], even at the center of the pipe. Additionally, the
IT values estimated form Louge et al.,1 Koch and Sangani,9

and Wylie et al.11 models are more negative than what is pre-
dicted from the FET model resulting in poorer model predic-
tions (Tables 10 and 11). All the cross-correlation models that
contain a square of the relative velocity Vgz � Vsz

� �2
term (Ta-

ble 6) produce a profile for ksg that increase rapidly near the
wall as the relative velocity between the gas and solid phases
is very large. However, bksg must be zero at the wall (as ksg ¼
0, no slip condition).

Although the Simonin3 cross-correlation model yields values
for Ik which dominate the k-equation at the pipe center, the
predictions of shape and magnitude of the fluctuation gas ve-
locity are not as good as those obtained from the FET model
(which uses the Sinclair and Mallo12 model for cross-correla-

tion), especially for higher mass loading. These poor predic-
tions are because the Simonin3 model predicts too much turbu-
lence damping since the Ik values obtained from it are smaller
than those from the FET model [Figure 9(b)]. On the other
hand, the Sinclair and Mallo12 closure (using TVBA for Ik and
IT) predicts the order of magnitude of k and T profiles well,
but fails to predict the shape of the k profile correctly.

As mentioned earlier, the code was unable to reproduce
the results of Zhang and Reese14 even after consultation
with the authors. Stable model solutions could not be
obtained for the Tsuji et al.21 243 lm particles, and the
model predictions for the 500 lm particles were poor. The
additional generation term b 1� mð Þ Vgz � Vsz

� �2
(Eq. 14)

produces values for Ik which are up to two orders of magni-
tude larger than the typical range and yields an unrealisti-
cally large increase in the gas-phase turbulence resulting in
unstable solutions in some cases.

Based on Figure 9(b,c), all the models predict Ik to be
positive, which implies a net generation of gas turbulence at
the core of the pipe, while IT is negative which implies a net
dissipation of granular temperature. The interaction term IT
in the granular temperature equation behaves as dissipation,
taking energy from the solid phase and transferring it to the
fluid phase resulting in a generation of gas-phase turbulence.
This idea goes well with the concept of the fluctuation
energy transfer mechanism.

It is observed experimentally that for small particles (d \
300 lm or 40\ ST\ 100), the solid velocity fluctuations are
larger than the fluid velocity fluctuations at the core of the
pipe. Furthermore, for such particles, if the solids loading
increases, the magnitude of the solid velocity fluctuations
reduces due to enhanced particle-particle collisions and larger
inelastic dissipation. The reduction in the granular temperature
T (solid velocity fluctuations) tends to further dampen the gas-
phase turbulence through the energy coupling terms (Ik, IT).
Hence, higher the mass loading, more is the gas-phase turbu-
lence dampening [Figure 3(b,c)]. Flow predictions employing

Table 12. Percentage Error in Predicted Gas Velocity Fluctuations Using the Various Drag Relations

Models

d ¼ 243 lm d ¼ 500 lm

Average error%m ¼ 0.5 m ¼ 1.3 m ¼ 3.2 m ¼ 0.7 m ¼ 1.3 m ¼ 3.4

Wen and Yu15 3.65 9.14 5.10 1.03 4.30 2.58 4.30
Hill et al.16,17 3.76 10.25 8.41 0.88 4.00 4.12 5.24
Syamlal and O’Brien18 3.65 9.05 4.34 1.01 4.22 2.30 4.10

Figure 10. Comparing the magnitudes of (a) FD and (b)
b for the various drag models for the case
of 243 lm particles with m 5 3.2.21

Figure 11. Comparing the magnitudes of (a) ls/lg and
(b) k/lg for the various solid stress models for
the case of 243 lm particles withm 5 3.2.21
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the FET interaction model are able to reproduce these experi-
mental observations and trends very well.

For the case of very large particles [d[ 800 lm or Rep[ 150,
Figures 5(b) and 6] with a large degree of slip (Vgz-Vsz), the vor-
tex shedding Ew overpowers the effect of the interaction term Ik
in the k-equation which results in large gas-phase turbulence.
Also, as the solids mass loading increases, more vortex shedding
takes place, which further enhances the gas-phase turbulence.
The predicted fluid velocity fluctuations employing the FET
model are greater than the solid velocity fluctuations (2k[ 3T)
resulting in a net dissipation of the fluid-phase velocity fluctua-
tions and a net generation for the solid phase. Thus, a counter
effect is seen in these cases with larger particles in which
increases in solid mass loading reduces T by increasing c, but this
effect is offset by the increase in IT. Overall, the granular temper-
ature T slowly increases as the solids mass loading increases.
Unfortunately, solid velocity fluctuation data are not available for
these larger particles to validate these model predictions.

The intermediate particle sizes [300 lm \ d \ 800 lm or
ST [ 100 and Rep \ 150, Figure 4(b)] display flow behavior
between the two extremes, where the gas turbulence is
enhanced at the core of the pipe but dampened at the wall as
compared to single-phase flow. Also, the simulations incorpo-
rating the FET interaction term model predict that the solid ve-
locity fluctuations are greater than the fluid fluctuations at low
solid mass loadings, but the fluid fluctuations become greater
than those of the solid as the mass loading increases. Again,
there are no solid fluctuation data to validate these model pre-
dictions for the solid-phase fluctuations, but the model favor-
ably matches the experimental gas-phase fluctuation data.

All of these predicted qualitative trends obtained by using
the FET interaction term model, along with the Sinclair and
Mallow12 cross-correlation, are in line with the well-known
work of Gore and Crowe.5 These authors suggested that for
small particles, drag is responsible for the turbulence transfer
between the phases and turbulence damping. In the FET
model, the drag time scale sD is used as the time scale for
energy transfer for small particles. Furthermore, Hestroni6

showed that particles with intermediate Rep display in-
between behavior (i.e., gas-phase turbulence enhancement in
the core of the pipe and dampening at the wall). In the FET
model this behavior occurs when sc is the time scale, but
vortex shedding is not activated (i.e., ST [ 100 but Rep \
150). Hestroni6 also showed that for very large Rep, vortex
shedding is responsible for enhanced turbulence as is seen in
the cases in which Rep [ 150. The vortex shedding, in this
study, is described using Ew.

The FET model predictions for particle sizes ranging from
70 to 3000 lm with a wide range of mass loadings compare
very well with the experimental data. Hence, the FET model
along with the Sinclair and Mallo12 cross-correlation is rec-
ommended over the other previously proposed closure mod-
els for the interaction terms and the solid-gas fluctuating
velocity cross-correlation.

Comparing the various models for drag terms

Flow predictions using different drag force relations are
compared in Table 12, which provides the percentage error
values of the predictions from the experimental data. To
compare the different drag relations, the FET interaction
model, along with the Sinclair and Mallo12 cross-correlation
and the Perino and Leckner20 solid stress model were
employed. Figure 10 shows that the magnitude of the drag
force based on the Wen and Yu15 and Syamlal and
O’Brien18 models for the case of 243 lm particles and m ¼
3.2 of Tsuji et al.21 are very similar. The Hill et al.16,17 drag
relation predicts a drag force magnitude slightly smaller than
the other two models. The percentage error values in Table
12 for the Hill et al.16,17 drag relation are slightly larger than
the other two models, suggesting that the Hill et al.16,17 drag
relation may under predict the drag coefficient b and thereby
under predict the drag force.

Hadinoto and Curtis10 studied the effect of the various
drag relations for particles with low inertia on two-phase
flow predictions. They observed some influence on the pre-
dictions of slip velocity due to changes in the drag model;
however, no such effect is seen in this study since the par-
ticles studied herein have large inertia. Hence, the effect of
the choice of the drag model is not that significant. Since the
predicted flow profiles found by changing the drag models
are similar, the Wen and Yu15 model, a robust and widely
used closure, is recommended for the case of dilute, turbu-
lent, gas-solid flow models.

Comparing the various models for solid stress terms

Figure 11 compares the magnitude of the solid phase vis-
cosity ls and solid phase conductivity k using the Lun
et al.19 and the Peirano and Leckner20 solid stress closures
for the case of 243 lm particles and m ¼ 3.2 in the
experiments of Tsuji et al.21 The FET interaction model
and the Wen and Yu15 drag relation were employed in this
comparison. Both the solid viscosity ls and conductivity k
values, as predicted by the Lun et al.19 model, are insensi-
tive to the radial position r. Both the ls and k are primar-
ily functions of the granular temperature, which is essen-
tially constant over the pipe cross-section. In contrast, the
predicted solid viscosity and conductivity from the Peirano
and Leckner20 solid stress closure exhibit some dependency
on the radial position r, as this solid stress model incorpo-
rates a direct effect of the fluid on the ls and k values. Ta-
ble 13 shows that the two solid stress closures produce
similar error in the model predictions from the experimen-
tal data. Furthermore, the detailed shape of the mean
and fluctuating solid and gas profiles obtained from the
two solid stress closures are hardly different. Since the
Peirano and Leckner20 solid stress closure directly incorpo-
rates fluid effects, it is chosen over the Lun et al.19 solid
stress closure.

Table 13. Percentage Error in Predicted Gas Velocity Fluctuations Using the Various Solid Stress Closures

Models

d ¼ 243 lm d ¼ 500 lm

Average error%m ¼ 0.5 m ¼ 1.3 m ¼ 3.2 m ¼ 0.7 m ¼ 1.3 m ¼ 3.4

Peirano and Leckner20 3.65 9.14 5.10 1.03 4.30 2.58 4.30
Lun et al.19 3.77 9.53 4.97 1.03 4.28 2.71 4.38
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Conclusion

Experimental data for fully developed profiles of pneu-
matically conveyed solid particles in a vertical pipe (Tsuji,
personal communication)21 have been available in the litera-
ture for more than 20 years. Many authors have proposed
Eulerian based, dilute turbulent gas-solid flow models incor-
porating particle-particle interactions using a two-equation k-
e model to describe gas-phase turbulence2–4,14 to simulate
these data. These Eulerian models have used various combi-
nations of relations of drag, solid-phase stress, and fluctuat-
ing interaction terms to successfully predict for the gas-solid
flows the mean velocities. Unfortunately these models con-
sistently under predict the gas turbulence and granular tem-
perature. In this study, the work of Bolio et al.2 is advanced
to include a new closure relation for the fluctuating velocity
interaction.

The proposed new model (FET model along with Sinclair
and Mallo,12 cross-correlation) for the interaction term is for-
mulated using an analogy with heat transfer. The time scales
for the FET model depend on the Stokes number (ST) while
activation of vortex shedding depends on Rep (Table 7). If
ST\ 100, particle drag is responsible for the energy transfer
and if ST [ 100, then particle collisions are responsible for
energy transfer. These observations are consistent with the
findings of Gore and Crowe5 and Hestroni.6

The proposed new fluctuating interaction model, along with
the Wen and Yu15 drag relation, the Peirano and Leckner20

solid stress closure which includes fluid effects, is evaluated
against several benchmark experimental data sets. The new
model predicts the mean velocity profiles and also the fluctua-
tions velocity profiles of gas and solid for both small and large
particles. For particles with Rep [ 150 vortex shedding is
included in this model. It is also observed that the fluctuating
interaction terms strongly influence the magnitude of gas tur-
bulence away from the wall. Near the wall, turbulence genera-
tion and dissipation dominate over the fluctuating interaction
term. In contrast, the predicted profiles are not sensitive to the
choice of drag model or the solid-stress closure.
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Notation

Aht ¼ area of heat transfer, L2

APL, BPL, CPL, DPL ¼ coefficients based on e for Peirano and
Leckner,20 -

ASO, BSO ¼ parameter based on m for Syamlal and
O’Brien model, -

CD ¼ friction factor, -
cT1, cT2, cT3, cl ¼ constants in k-e model, -

Cw ¼ coefficient for turbulence generation by
vortex shedding, -

cb ¼ parameter based on angle between flow
direction and slip velocities, -

d ¼ particle diameter, L1

e ¼ particle-particle coefficient of restitution, -
ew ¼ particle-wall coefficient of restitution, -
Ew ¼ turbulence generation by vortex shedding,

M1L�1T�3

F, F0, F1, F2, F3 ¼ dimensionless functions based on Rep
and m for Hill et al.16,17 model, -

FD ¼ drag force per unit volume, M1L�2T�2

fD ¼ the fluctuating drag force per unit
volume, M1L�2T�2

fT1, fT2, fl ¼ coefficients in k-e model, -
g ¼ gravitational acceleration, L1T�2

g0 ¼ radial distribution coefficient, -
G1k, G1c, G2k, G2c, G3k, G3c ¼ dimensionless functions based on e and T, -

h ¼ heat transfer coefficient, M1T�2s�1

Ik ¼ interaction terms in the k equation,
M1L�1T�3

IT ¼ interaction terms in the T equation,
M1L�1T�3

k ¼ gas turbulence kinetic energy, L2T�2

kfb ¼ coefficient based on m, -
ksg ¼ cross-correlation between gas-phase and

solid-phase fluctuating velocities, L2T�2

m ¼ mass loading, -
p ¼ pressure, M1L�1T�2

qPT ¼ granular energy flux, M1T�3

r, z,h ¼ coordinate system, L1

R ¼ radius of pipe, L1

Re ¼ Reynolds number of flow, -
Rep ¼ particle Reynolds number, -
ReT ¼ Reynolds number based on

ffiffiffi
T

p
, -

RT ¼ turbulent Reynolds number, -
ST ¼ Stokes number, -
T ¼ granular temperature, L2T�2

t ¼ time, T1

Tf ¼ real temperature of a fluid, s1

Us ¼ friction velocity, L1T�1

vg
0 ¼ fluctuating gas—phase velocity, L1T�1

Vg ¼ mean gas—phase velocity vector, L1T�1

Vrm ¼ dimensionless velocity based on Rep and
m for Syamlal and O’Brien model, -

vs
0 ¼ fluctuating solid—phase velocity, L1T�1

Vs ¼ mean solid—phase velocity vector, L1T�1

wHLK ¼ dimensionless parameter based on Rep
and m for Hill et al.17,18 model, -

yþ ¼ dimensionless distance from the wall, -

Greek letters

b ¼ drag coefficient, M1L�3T�1

b0 ¼ FET coefficient, M1L�3T�1

c ¼ dissipation rate of granular energy,
M1L�1T�3

e ¼ dissipation of gas turbulence, L2T�3

h0 ¼ angle between flow direction and slip
velocities, -

k ¼ conductivity of granular temperature
modified by inelastic collisions, M1L�1T�1

k0 ¼ conductivity of granular temperature,
M1L�1T�1

kmfp ¼ particle mean free path, L1

lb ¼ bulk solid-phase viscosity, M1L�1T�1

leg ¼ gas-phase viscosity modified by
particles, M1L�1T�1

lg ¼ gas-phase viscosity, M1L�1T�1

ls ¼ solid-phase viscosity modified by
inelastic collisions, M1L�1T�1

ls0 ¼ solid-phase viscosity, M1L�1T�1

lT ¼ turbulent gas-phase viscosity, M1L�1T�1

lt ¼ turbulent gas-phase viscosity for vortex
shedding, M1L�1T�1

m ¼ solid volume fraction, -
m0 ¼ random closest packing, -
nr ¼ parameter based on relative velocity and k, -
qg ¼ gas phase density, M1L�3

qs ¼ solid phase density, M1L�3

r ¼ solid-phase shear stress tensor,
M1L�1T�2

rc ¼ collisional component of solid- phase
shear stress tensor, M1L�1T�2

rk, re ¼ constants in k-e model, -
rk ¼ kinetic component of solid-phase shear

stress tensor, M1L�1T�2
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s ¼ fluid stress tensor, M1L�1T�2

sc ¼ time between particle collisions, T1

sD ¼ particle relaxation time scale, T1

se ¼ eddy time scale, T1

sL ¼ Lagrangian time scale, T1

s
sg
¼ time scale for FET model, T1

sTUR ¼ turbulent component of gas-phase stress,
M1L�1T�2

v ¼ ratio of mass of solid in a unit volume to
the mass of fluid in the same volume, -

W ¼ function based on m, -
W0, W00 ¼ functions based on m, Rep, ReT, -

x ¼ damping function, -
U ¼ specularity, -
g ¼ parameter based on e, -
gt ¼ ratio of Lagrangian time scale to particle

relaxation time scale, -

Subscripts

i,j ¼ indices
r, z, h ¼ coordinate system

s ¼ solid phase
g ¼ gas phase
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